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The connection between parton distributions as a function of the impact param- 
eter and off-forward parton distributions is discussed in the limit of vanishing 
skewedness parameter i.e. when the off-forwardness is purely transverse. It is 
also illustrated how to relate ^ ^ data to ^ = data, which is important for 
experimental measurements of these observables. 



1 Introduction 

Deeply virtual Compton scattering experiments in the Bjorken Ikpjt allow 
measuring generalized or ofF-forward parton distributions (OFPDs)ld'B 

/fj'T _ — T" T* I- — 

^(p'IV^(^)7+V'(^)b)e"^" = H{x,i,t)u{p')-f+u[p) (1) 

+E{x,i,t)u{p')'-^^:^u{p), 
_+ f ^^/|^(Z^)^+^^^(^)|p^g..p+.- ^ i/(a;,e,t)S(p')7+75u(p) (2) 



+E{x,i,t)u{p')^^u{p), 



where x^ = x^ ±x'^ and p+ = p^ +p^ refer to the usual light-cone components, 
p = i {p + p'), A = p — p' , and i = A^. The "off- forwardness" (or skewedness) 

in Eqs. is defined as ^ = A^. From the point of view of parton physics 

in the infinite momentum frame, these OFFDs have the physical meaning of 
the amplitude for the process that a quark is taken out of the nucleon with 
longitudinal momentum fraction x and then inserted back into the nucleon with 
a four momentum transfer A^ lI. OFPDs play dual roles and in a certain sense 
they interpolate between form factors and conventional parton distribution 
ftmctions (PDFs) Bft for ^ = t = one recovers conventional PDFs, i.e. 
longitudinal momentum distributions in the infinite momentum frame (IMF), 
while when one integrates H{x, ^, t) over x, one obtains a form factor, i.e. the 
Fourier transform of a position space density (in the Breit frame!). One of 
the new physics insights that one can learn from these OFPDs is the angular 
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momentum distribution □. Others include meson distribution amplitudes, g 
Beyond that it is not yet entirely clear what kind of new physics insights one 
gains from studying these generalized parton distributions. The main reason, 
why the physical interpretation of OFPDs is still somewhat obscure is due 
to the fact that the initial and final state in Eq. (|l|) are not the same and 
therefore, in general, these OFPDs cannot be interpreted as a 'density' but 
rather their physical significance is that of a probability amplitude. 
In this note, we will discuss the limit ^ — > 0, but i ^ 0, where 

H{x,t)=H{x,^ = 0,t) and H{x,t) = H{x,^ ^ 0,t) (3) 

do have a simple interpretation in terms of a density, namely as the Fourier 
transform of impact parameter dependent parton distributions w.r.t. the im- 
pact parameter, i.e. 



ff(x,-Ai) - J d'b^q{x,b^)e-''^-'^^ 

H{x,-Al)= J d%±Aq{x,b^)e-'^^-^^ (4) 

2 Impact parameter dependent PDFs and OFPDs 

PDFs are usually defined as matrix elements between plane wave states, which 
extend throughout space. Therefore, before we can introduce the notion of 
impact parameter dependent PDFs, we need to define localized wave packets. 
For our purposes, it is most suitable to consider a wave packet IvP) which is 
chosen such that it has a sharp longitudinal momentum pz, but whose position 
is a localized wave packet in the transverse direction 

Although this definition is completely general, what we have in mind for the 
states \p) are for example nucleon states, which are of course extended objects, 
i.e. Eq. (^) describes wave packets of particles that are themselves already 
extended objects. We will come back to this point further below. Clearly, 

F^{xA) ^ J ^mi-^Ah+^i^Ame'^'^''', (6) 

describes the probability to find partons with momentum fraction x at trans- 
verse (position) coordinate b± in this wave packet. Note that in Eq. ^ we 

''For a discussion of this connection in the context of QCDi+i see Ref. i. 
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have implicitly assumed that we work in light-cone gauge = 0. In any other 
gauge, one needs to insert a (straight Hne) 'gauge string' connecting the points 
(— and {^,b±) in order to render Eq. manifestly gauge invariant. 

What we will show in the following is that, for a suitably localized wave 
packet, F^i,{x,b±) can be related to OFPDs with ^ = 0. Using Eq. (||), one 
finds 

= [^^^^^:MmHix,^ = 0,t). (7) 

where jf^ = p± + A± and p'^ — p^, i.e. ^ = 0. 

The physics of Eq. (|^) is the following: the non-trivial intrinsic structure 
of the target particle is expressed in the OFPD H{x,£^,t). However, as the 
convolution of H{x, ^, t) with the wave function reflects, the impact parameter 
dependent PD in the state ^' gets spread out in position space due to the fact 
that the wave function 5" does in general have a nonzero width in position 
space. 

Intuitively, one would like to chose a wave packet that is point-like in 
position space (i.e. constant in momentum space) so that the 6j_-dependence 
in Eq. (^ is only due to the intrinsic structure of the target particle but not 
due to the wave packet used to 'nail it down'. However, one need to be careful 
in this step (and being able to properly address these issues was the sole reason 
for working with wave packets) because as soon as one localizes a particle to 
a region of space smaller than its Compton wavelength, its motion within the 
wave packet becomes relativistic and therefore the structure of the particle 
gets affected by Lorentz contraction as well as other relativistic effects. 

2.1 Nonrelativistic limit 

It is very instructive to consider the nonrelativistic (NR) limit first, where 
none of these complications occur. Formally, the simplification arises since 
= Ep^ = M and therefore = — = First of all, this means that 

one can pull H{x, 0, — A^) out of the integral in Eq. (0), yielding 
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In order to proceed further, we choose a wave packet that is very locahzed 
in transverse position space. SpecificaUy, we choose a packet whose width in 
transverse momentum space is much larger than a typical QCD scale. That 
way, the A_L-dependence on the r.h.s. of Eq. (H) is mostly due to the matrix 
element and not due to the wave packet 5*. Therefore, by making the wave 
packet very localized in position space one obtains 

hix,A^) = H{x,~Al). (9) 

The dependence on the detailed shape of the wave packet has disappeared once 
it is chosen localized enough and it is thus legitimate to identify the Fourier 
transformed (w.r.t. A_l) ^ = OFPD with the impact parameter dependence 
of the parton distribution in the target particle itself. 

2.2 Relativistic corrections 

In order to have a unique definition of impact parameter dependent PDFs, i.e. 
a definition which does not depend on the exact shape of the wave packet, 
one would like to make the wave packet as small as possible in position space 
and certainly much smaller than the spatial extension of the hadron in the ± 
direction — otherwise Eq. (||) is dominated by the shape of the wave packet and 
not by the intrinsic 6x-dependence. However, once the wave packet is smaller 
than about a Compton wavelength of the target then relativistic corrections can 
no longer be ignored and may even become more important as the corrections 
due to the spatial extension of the wave packet. 

This problem is well known from form factors, where the identification of 
the form factor with the Fourier transform of a charge distribution in position 
space is uniquely possible only for momenta that are much smaller than the 
target mass. One can also rephrase this statement in position space by saying 
that the identification of the Fourier transform of the form factor with a charge 
distribution works only if one looks at scales larger than about one Compton 
wavelength of the target. Details below this scale may depend on the Lorentz 
frame and are therefore not physical. 

For OFPDs the problem is very similar. If one works for example in 
the rest frame then one faces the same kind of corrections that also affect 
the form factors, in the sense that the -L resolution is lirnited to about one 
Compton wavelength. More details can be found in Ref. □ and are omitted 
here since the natural frame to interpret parton distribution functions is the 
infinite momentum frame (IMF), and as we will discuss in the next section, 
these relativistic corrections play no important role in the IMF. 
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2.3 Infinite momentum frame 

In the following we chose a wave packet as in Eq. (||) but with pz ^ M, where 
M is the target mass. Then one can for example expand |^ 

^...-b.l + ^ii^^^^ (10) 



2 b. 



and therefore the energy transfer 



P+A P 2|p,| ^ ' 

vanishess as Pz — > oo. A more detailed analysis works as follows: Let us denote 
the typical momentum scale in the wave packet by Kp_^ and the _L resolution 
that we are interested in by (normally, A^ will be a typical hadronic 

momentum scale, i.e. on the order of IGeV). Then of course what we need to 
satisfy is Ap-^ ^ ^Aj_' same time we need \pz\ ^ A^-^, A^^, but this is 

no problem if we go to the IMF. 

As a direct consequence of Eq. (|l^) , the time- like component of the mo- 
mentum transfer can be ignored, i.e. one can approximate « — A'^ = — A^ 
and therefore one can again pull H{x, 0, — A^) out of the integral in Eq. (0), 
and one finds 

/.(.,A,)^f/(.,0,-Ai) /^Vp4E^^. (12) 

Finally making use of the fact that we chose a wave packet that is very localized, 
i.e. Ajj^ A^^, we can approximate ^'(pY) ~ ^{p±) in Eq- ( P^ ) yielding 

h{x,A^)=H{x,0,~Al). (13) 

As in the NR case, the dependence on the wave packet has disappeared and 
the identification has become unique. 

We have thus accomplished to show that, OFPDs at ^ = have in the IMF 
the simple physical interpretation as Fourier transforms of impact parameter 
dependent parton distributions with respect to the impact parameter. In other 
words, OFPDs, in the limit of ^ ^ 0, allow to simultaneously determine the 
longitudinal momentum fraction and transverse impact parameter of partons 
in the target hadron in the IMF. 



Note that, by choice of the wave packet, A = p* — p is always transverse i.e. Az = 0. 
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3 The transverse center of momentum 

In the previous chapter, when we introduced the notion of PDFs as a function of 
the impact parameter, we did not specify with respect to which point (or hne) 
the impact parameter is defined. In NR scattering experiments, the impact 
parameter usually refers to the center of mass, but it is perhaps not a priori 
obvious how to generalize the concept of a ± center of mass to the IMF. 

In the infinite momentum or light-front (LF) frame there exists a residual 
Galilei invariance under the purely kinematic -L boosts 

Xi ^ Xj^ Xj^ 

h± > = fc,_L + x,/\P^, (14) 

where we denote the longitudinal momentum fraction and _L momentum of 

the i-th parton in a given Fock component by Xi and fci_L respectively, the LF- 

_ . 

Hamiltonian transforms covariantly, i.e. P — i^p^- remains constant, which 
resembles very much NR boosts 

ki — >k-=ki+ m^Av = ki + jj^P, (15) 

with E— remaining constant. Because of this similarity between NR boosts 
and _L boosts in the IMF, many familiar results about NR boosts can be 
immediately transferred to the IMF. 

For this work, the most important result concerns the physical interpreta- 
tion of the form factor as the Fourier transform of the charge distribution in a 
frame where the center of mass 

^CM ^ E (16) 

i 

is at the origin. One can also rephrase this result by stating that the Fourier 
transform of the form factor is the distribution of the charge as a function of 
the distance from Rcm- 

By comparing Eqs. ( |l^ ) and ( p^ ) it becomes clear that in the IMF the 
momentum fractions Xi play the role of the mass fraction ^ . Hence it is not 
very surprising that the IMF analog to the NR center of mass Rcm is given 
by the transverse center of momentum 

R± = ^Xif'i±, (17) 

i 

i.e. a weighted average of _L positions, but where the weight factors are given 
by the (light-cone) momentum fractions and not the mass fractions ^. 

'^Note that for NR systems the momentum fractions are given by the mass fractions. 
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The Fourier transform of the ^ = (i.e. 'unskewed') OFPD 

F{x,b^) = J d'^A^e'^^-^^H{x,0,-Al) (18) 

can thus be interpreted as the (Hght-cone) momentum distribution of partons 
as a function of the _L separation from the _L center of energy-momentum 
R± = Y.i ^»^i-L of the target. ^ 

The above observation about the ± center of momentum has one immedi- 
ate consequence for the x ^ 1 behavior of F{x,b±). Since the weight factors 
in the definition of R± are the momentum fractions, any parton i that carries 
a large fraction Xi of the target's momentum wiU necessarily have a _L position 
ri_L that is close to R±. Therefore the transverse profile (i.e. the dependence 
on of F{x,b±) will necessarily become more narrow as x — *■ 1, i.e. we 
expect that partons become very localized in _L position as x ~f 1. By Fourier 
transform, this also implies that the slope of H{x, 0, t) w.r.t. i at t = 0, i.e. 

should in fact vanish for a; — > 1! 



4 Explicit example (model calculation) 

In order to illustrate the results from the previous sections in a concrete exam- 
ple, we make a Gaussian ansatz for the kij_ dependence of the light-cone wave 
function in each Fock component Q 

^>{xi,k±) oc exp 



(20) 



where ^(a;^) is not further specified. The above model ansatz allows to carry 
out the k± momentum integrals explicitly, yielding 



H{x, 0, t) = exp 



-t 



F{x, b±) cx 



1-x 



exp 



a'^ 1 — X , 
1 



2a^l-x 



/(^) 



(21) 



(22) 



"^The above results ean be verified by [Starting with 5 = OFPDs calculated from a LF Fock 
space expansion for the hadron state Q. 
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Of course, the above model ( pO| ) clearly oversimplifies the actual complexity 
of the nucleon's Fock space wavefunction, but the qualitative behavior of the 
final result ( p2[ ) seems reasonable: as predicted in the previous section, the 
width of F(x, b±) in _L position space goes to zero as a; — > 1. For decreasing a;, 
the distribution widens monotonically until it diverges for x —^ 0. Of course, 
the divergence of the _L width as x — > is probably an artifact of the model 
ansatz which seems is more suitable for intermediate to large values of x. 
Nevertheless, it seems reasonable that the _L width increases with decreasing 
X since for example the pion cloud, which is expected to contribute only at 
smaller values of x, should me more spread out than the valence partons, 
which are expected to dominate at larger values of x. 

Notice also that both the above model calculation as well as the pion cloud 
picture suggest that the 6_L-dependence in F{x,b±) does not factorize, which 
of course also translates back into a lack of factorization of the t depjgndence 
in H{x, 0, t). A similar lack of factorization was also observed in Ref. S. 



5 Practical aspects 

From the experimental point of view, ^ = is not directly accessible in DVCS 
since one needs some longitudinal momentum transfer in order to convert a 
virtual photon into a real photon. There are several ways around this difhculty. 
Of course- one way could be to access ^ = in real wide angle Compton 
scatteringB. However, it should also be possible to perform DVCS experiments 
at finite ^ and to extrapolate to f = 0. 

Extrapolation to ^ = is greatly facilitated by working with moments since 
the ^ dependence of the moments of OFFDs is in the fcmii of polynomials 
For example, for the even moments of H{x, ^, t) one findw 

/I [~2-] 
dxx"-^H{x, tt)= ^nMt)£.^' + Cn{t) (23) 

= A„,o(i) + An,2(i)e' + - + A^,n-2(i)r"' + c„(i)r, 

i.e. for example 

j dxxH{x,^,t) = A2^o{t)+C2m^. (24) 

Since the iJ„ have such a simple functional dependence on ^, one can thus use 
measurements of the moments of OFFDs at nonzero values of ^ to determine 
(fit) the "form factors" An^2i{t) and C{t). Once one has determined these 
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invariant form factors, one can go back and evaluate Eq. (^3|) for <^ = 0, 
yielding 

i/„(e = 0,t) = A„,o(i), (25) 

which then allows one to determine the impact parameter dependence of the 
n — th moment of the parton distribution in the target, using 

qn{hi_)= J'dxx^-\{x,h)^ J d\^A^^o{~Al)e'^^'^. (26) 

A very similar procedure can be applied to the spin dependent OFPD H{x, ^, t), 
whose even moments of H{x, ^, t) satisfy 

/I [~2-] 
dxx"-^H{x,^,t)= Y^AnMt)^^' (27) 

= i„,o(i) + in,2(t)e' + - + in,n-l(i)r~'- 

Similar to the unpolarized case, the ^d:! form factors of the n*^ moment can 
be obtained from measurements of H for ^^^ii different values of ^ (and the 
same values of t) and the impact parameter dependence of the n*'' moment of 
the polarized parton distribution reads 

Aqn{bi_) = J dxx^-^Aq{x,b^) = y"dVA.o(~Ai)e'^"'". (28) 

Of course, this procedure becomes rather involved for high moments, but the 
steps outlined above seem to be a viable way of determining the impact pa- 
rameter dependence of low moments of parton distributions from DVCS data. 

6 Summary and outlook 

Off-forward parton distributions for ^ — > 0, i.e. where the off-forwardness is 
only in the _L direction, can be identified with the Fourier transform of impact 
parameter dependent parton distributions w.r.t. the impact parameter 6, i.e. 
the _L distance from the center of (longitudinal) momentum in the IMF. This 
identification is very much analogous to the identification of the charge form 
factor with the Fourier transform of a charge distribution in position space. 

The C — > limit of OFFDs is difficult to access in DVCS. However, as we 
illustrated in Secj^, one can also measure x-moments for nonzero values of ^ 
and use those to construct moments for ^ = 0. 
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Knowing the impact parameter dependence allows one to gain informa- 
tion on the spatial distribution of partons inside hadrons and to obtain new 
insights about the nonperturbative intrinsic structure of hadrons. For exam- 
ple, the pion cloud of the nucleon is expected to contribute more for large 
values of b. Shadowing of small x parton distributions, is probably stronger 
at small values of b since partons in the geometric center of the nucleon are 
more effectively shielded by the surrounding partons that partons far away 
from the center. These and many other models and intuitive pictures for the 
parton structure of hadrons give rise to predictions for the impact parameter 
dependence of PDFs that reflect the underlying microscopic dynamics of these 
models. Through the experimental measurement of OFPDs using DVCS, it 
will for the first time become possible to obtain experimental information on 
the impact parameter dependence of parton structure which will thus pro- 
vide much more comprehensive tests on our understanding of nonperturbative 
parton structure. 
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